ABSTRACT. We consider diagonal cubic surfaces defined by an equation of the form
INTRODUCTION
This paper is devoted to numerical tests of a refined version of a conjecture of Manin about the number of points of bounded height on Fano varieties (see [BM] , [FMT] , [Pe] , or [BT] for a description of the conjectures). The choice of diagonal cubic surfaces to test these conjectures was motivated by the work of Heath-Brown [H-B] in which he treated the cases
for a = 2 or 3. The results he obtained were used as a benchmark for the subsequent attempts to interpret the asymptotic constants (see, in particular, [S-D] , [Pe] and [PT] Let H be the height function on P 3 (Q) defined by the formula: for any Q = (x : y : z : t) in P 3 (Q), one has H(Q) = max{|x|, |y|, |z|, |t|} if (x, y, z, t) ∈ Z 4 , gcd(x, y, z, t) = 1.
Let U be the complement in V to the 27 lines. We are interested in the asymptotic behavior of the cardinal
as B goes to infinity. Assume that V (Q) is Zariski dense, which by a result of Segre (see [Man2, §29, §30] ) is equivalent to V (Q) = ∅. It is expected that N U,H (B) = BP (log(B)) + o(B)
as B goes to +∞, where P is a polynomial of degree rk Pic(V ) − 1, with leading coefficient θ H (V ). This constant has a conjectural description. The goal is to compute θ H (V ) explicitly in the examples at hand and to compare it with the constant obtained from numerical data. Our previous paper [PT] was devoted to surfaces with Picard groups of rank one with or without Brauer-Manin obstruction to weak approximation. In this paper, we consider examples with Picard groups of higher rank.
Note that in these examples the relative error term (N U,H (B) − θ H (V )B(log B) rk Pic(V )−1 )/B(log B)
rk Pic(V )−1 is expected to decrease more slowly. Indeed, if rk Pic(V ) = 1 this error term is expected to decrease as 1/B ǫ for some ǫ > 0, whereas for higher ranks it should be comparable to 1/ log B. Thus we decided not only to compare the conjectural constant θ H (V ) with the quotient N U,H (B)/B(log B) rk Pic(V )−1 with B = 10 5 , but also to take into account that a polynomial P of degree rk Pic(V ) − 1 should appear in the asymptotics and use a naive statistical formula to estimate its leading coefficient θ stat H (V ) from the data. We observe a quite good accordance: the difference between θ H (V ) and θ stat H (V ) is less than 6% in the examples. Moreover the fact that θ stat H (V ) is nearer to θ H (V ) than the above quotient is in itself a point in favor of the conjecture: indeed there is no obvious purely statistical reason for which this should be true in general.
The paper is organized as follows: in section 2 we define θ H (V ). Section 3 contains the description of the Galois action on the geometric Picard group Pic(V ). In section 4 we compute the Euler product corresponding to good reduction places. In section 5 we explain how to compute the local densities at the places of bad reduction. In section 6 we determine in each case the value of the geometric constant α(V ) defined in §2. Section 7 is devoted to the description of statistical tools we used to analyze the numerical data. In section 8 we present the results.
We would like to thank the referee for the improvements he suggested.
DESCRIPTION OF THE CONJECTURAL CONSTANT
In this section we give a short description of the conjectural asymptotic constant for heights defined by an adelic metrization of the anticanonical line bundle (see [Pe] for more details and [BT] for a discussion in a more general setting).
Notations 2.1. For any field E, we denote by E an algebraic closure of E. If X is a variety over E, then X(E) denotes the set of rational points of X and X the product X × Spec(E) Spec E. The cohomological Brauer group Br(X) is defined as theétale cohomology group H 2 et (X, G m ). For any A in Br(X), any extension E ′ of E and any P in V (E ′ ), we denote by A(P ) the evaluation of A at P . For a number field F we denote by Val(F ) the set of places of F and by Val f (F ) the set of finite places. The absolute discriminant of F is denoted by d F . For any place v of F , let F v be the v-adic completion of F . If v is finite, then O v is the ring of v-adic integers and F v the residue field. By global class field theory we have an exact sequence
In the following, V is a smooth projective geometrically integral variety over a number field F satisfying the conditions:
(ii) Pic(V ) has no torsion, (iii) the anticanonical line bundle ω −1 V belongs to the interior of the cone of classes of
By [CT, lemma 1] , for any class A in Br(V ), one has a map ρ A defined as the composition
Then one defines
By the exact sequence (2.1), one has the inclusion
Br where V (F ) denotes the topological closure of the set of rational points. Conjecturally both sets coincide for cubic surfaces. (See also the text of Swinnerton-Dyer in this volume).
There is a Brauer-Manin obstruction to weak approximation, as described by Manin in [Man1] and by Colliot-Thélène and Sansuc in [CTS] , if one has
Let us assume that the height H on V is defined by an adelic metric
V . By definition, this means that we consider ω −1 V as a line bundle, that the functions · v are v-adically continuous metrics on ω −1 V (F v ) which for almost all places v are given by a smooth model of V , and that the height of a rational point x of V is given by the formula
If v ∈ Val(F ) the Haar measure dx v on F v is normalized as follows:
The metric · v defines a measure ω H,v on the locally compact space V (F v ). In local v-adic analytic coordinates x 1,v . . . x n,v on V (F v ) this measure is given by the formula
If M is a discrete representation of Gal(F /F ) over Q, then for any finite place p of F , the local term of the corresponding Artin L-function is defined as follows: we choose an algebraic closure F p of F p containing F . We get an exact sequence
where D p is the decomposition group and I p the inertia. We denote by Fr p a lifting of the Frobenius map to D p ⊂ Gal(F /F ) (which up to conjugation depends only on p), and put
We fix a finite set S of bad places containing the archimedean ones so that V admits a smooth projective model V over the ring of
The corresponding global L-function is given by the Euler product
which converges for Re s > 1 and has a meromorphic continuation to C with a pole of order t = rk Pic(V ) at 1. One introduces local convergence factors λ v given by
The Weil conjectures (proved by Deligne) imply that the Tamagawa measure
Definition 2.2. The Tamagawa measure on V (A F ) corresponding to the adelic metric
From the arithmetic standpoint, it seems more natural to integrate ω H over the closure V (F ) ⊂ V (A F ) (as in the original approach to the Tamagawa number). However, computationally, it is easier to work with V (A F )
Br . Therefore, following a suggestion of Salberger, we define here Definition 2.3.
∨ be the dual lattice to Pic(V ). We denote by dy the corresponding Lebesgue measure on Pic(V ) ∨ ⊗ Z R and by
Definition 2.4. We define
The theoretical constant attached to V and H is defined as
In the following sections we compute θ H (V ) for various diagonal cubic surfaces.
THE GALOIS MODULE Pic(V )
The description of this Galois module is based upon the study of the 27 lines of the cubic. We fix notations for these lines which are slightly different from those given by Colliot-Thélène, Kanevsky and Sansuc in [CTKS, p. 9] .
Notations 3.1. From now on V is a diagonal cubic surface V given by an equation of the form
where a, b, c and d are strictly positive integers with gcd(a, b, c, d) = 1. Let
We fix a cubic root α (resp. α ′ , α ′′ ) of b/a (resp. c/a, d/a) (which is assumed to be in Q if b/a (resp. c/a, d/a) is a cube in Q) and we put
We also consider
We denote by θ a primitive third root of one. The 27 lines of the cubic surface (3.1) are given by the following equations, where i belongs to Z/3Z:
It is a Galois extension of Q. In the generic case, K is an extension of degree 54 with a Galois group isomorphic to
It is generated by the elements c, τ , τ ′ and τ ′′ characterized by their action on θ, α, α ′ and
Their action on the 27 lines is given as follows: for τ we have
and
for c:
(3.5)
To describe the relations between the classes of these divisors in Pic(V ), which shall be useful for the computation of α(V ), we consider V as the blow-up of a plane P 2 Q in six points P 1 , P 2 , P 3 , P 4 , P 5 and P 6 . The 27 lines may then be described as the 6 exceptional divisors E 1 , . . . , E 6 , the 15 strict transforms L i,j of the projective lines (P i P j ) for 1 i < j 6 and the 6 strict transforms of the conics Q i going through all points except P i . Let Λ be the preimage of a line of P 2 Q which does not contain any of the points P 1 , . . . , P 6 . Then
is a basis of Pic(V ) and we have the following relations in Pic(V ):
In the following, we choose the projection of V to P 2 Q so that we have the equalities:
Notations 3.2. We consider theétale algebra E 1 over Q defined as Q(γ) if ab/cd is not a cube in Q and as Q(θ) × Q otherwise. Similarly, we define the algebra E 2 (resp. E 3 ) corresponding to γ ′ (resp. γ ′′ ) and we put
We also consider the following elements of Pic(V ) 
Lemma 3.3. The sets E 1 , E 2 and E 3 are globally invariant under the action of Gal(K/Q) and theétale algebra corresponding to the set E i is isomorphic to E i .
Proof. The fact that the sets E 1 , E 2 and E 3 are globally invariant follows immediately from the descriptions (3.2)-(3.5). Theétale algebra F corresponding to a finite Gal(K/Q)-set F may be defined as the algebra
where K[F ] is the algebra K F and where Gal(K/Q) acts simultaneously on K and F .
In the generic case, let us consider
Then σ sends γ on θγ and acts trivially on γ ′ , γ ′′ and θ. We may describe similarly the actions of σ ′ and σ ′′ . The action of Gal(K/Q) on E 1 in the generic case is given by the This implies that if ab/cd is not a cube in Q, then E 1 is isomorphic to
as a Gal(K/Q)-set. Then the correspondingétale algebra is
Similarly if ab/cd is a cube in Q, then we may decompose E 1 into two orbits and we see that the correspondingétale algebra is Q(θ) × Q = E 1 . The proofs for E 2 and E 3 are similar.
Lemma 3.4. There exists an exact sequence of Gal(K/Q) modules
Proof. By (3.6) and (3.7), we have in Pic(V ) the relations
which proves that the natural projection from Q[E ] to Pic(V )⊗ Z Q is surjective. Moreover one has the relations
which gives a homomorphism of Gal(K/Q)-modules
and the exact sequence of the lemma.
Notations 3.5. For any prime p and any finite field extension F of Q, we consider the local factor ζ F,p of the function ζ F at p which is defined by
Let F be anétale algebra over Q and F = i∈I F i its decomposition in fields. Put
For any prime p, we denote by ν F (p) the number of components of F ⊗ Q Q p of degree one over Q p .
Proposition 3.6. With notation as above, for any prime p not in S, one has
Proof. By lemma 3.4, we have
Thus it is enough to prove that if E is an arbitraryétale algebra over Q corresponding to a Gal(Q/Q)-set E and if p is a prime such that E/Q is not ramified at p, then
This well-known assertion follows from the fact that the components of E ⊗ Q p are in bijection with the orbits of Fr p in E , and the degree of each component is the length of the corresponding orbit. This proves (i). But this also shows that
which implies (ii).
Remark 3.7. Thus the factor λ ′ p which was defined in proposition 5.1 in [PT] coincides with L p (1, Pic(V )) at the good places (as suggested by the referee of that paper).
EULER PRODUCT FOR THE GOOD PLACES
We need to compute the number of solutions of (3.1) modulo p for all primes not in S.
Proposition 4.1. For any prime p not in S, one has
where E is theétale algebra defined in §3.
Proof. By a result of Weil (see [Man2, theorem 23 .1]),
Proposition 3.6 implies that
Remark 4.2. We could have proved this result directly as in [PT] . Let N (p) be the number of solutions of (3.1) in F 4 p . We have
By [IR, §8.7 theorem 5], one has
where the sum is taken over all quadruples (χ 1 , . . . , χ 4 ) of nontrivial cubic characters from F * p to C * such that χ 1 χ 2 χ 3 χ 4 = 1 and where
the characters being extended by χ i (0) = 0. For p ≡ 2 mod 3 there are no nontrivial characters and the formula is obvious. Otherwise there are exactly two nontrivial conjugated characters χ and χ. By [PT, proof of prop. 4 .1], we have
where the sum is taken over the same quadruples as above. The formula
Notations 4.3. For any place v of Q, we put
Remark 4.4. By proposition 3.6, λ p = L p (1, Pic(V )) if p ∈ Val(Q) − S. Thus the Tamagawa measure ω H is given by the formula
By lemmata 3.2 and 3.4 in [PT] and lemma 5.4.6 in [Pe] , for any p in Val(Q) − S one has
(see also [Pe, lemma 2.2 .1] and [PT, remark 5.2] ). Therefore, the local factor at a good place p is given by
We get (for the good places) the factors C 0 , C 1 , C 2 and C 3 where
These products converge rapidly and are easily approximated.
DENSITY AT THE BAD PLACES
In this section we restrict to cubic surfaces with equations of the form
with q prime and
with q prime and a an integer coprime to q.
Notations 5.1. If V is defined by the equation (3.1), and p is a prime, then we consider
Remark 5.2. By [PT, lemmata 3.2 and 3.4] , there is an explicit integer r 0 such that
If p = 3 and 3 / | abcd, then a direct computation in (Z/9Z) 4 gives the value of N * (9) and thus of ω H,p (V (Q p )). Thus, in the following lemma we restrict to the case when V is given by (5.1) or (5.2) and p = q.
Lemma 5.3. If V is given by the equation
If V is given by the equation
with p / | a, then for r 3,
Remark 5.4. This lemma implies that if V is given by the first equation then the local factor at p is given by
and if V is given by the second equation then this factor is
Proof. Let us consider the set of quadruples (x, y, z, t) in (Z/p r Z) 4 − (pZ/p r Z) 4 such that
If p | x then p | y, p | z and p | t. Therefore, for any (x, y, z, t) as above, p / | x and p / | y. But for any triple (y, z, t) in (Z/p r Z − pZ/p r Z) × (Z/p r Z) 2 , there exists exactly one x verifying (5.3) if p ≡ 2 mod 3 and exactly three of them if p ≡ 1 mod 3. If p = 3 and y belongs to Z/3 r Z − 3Z/3 r Z then (5.3) implies that 3|z. For any triple (y, z, t) with y in (Z/3 r Z) − (3Z/3 r Z), z in (3Z/3 r Z) and t in (Z/3 r Z) there exist exactly three x in Z/3 r Z which satisfy (5.3). We get that
Let us now turn to the set of (x, y, z, t) in (Z/p r Z) 4 − (pZ/p r Z) 4 such that
We decompose this set as follows
As above we have the formula
where for p = 3 we use the equality
On the other hand,
We conclude: 
THE CONSTANT α(V )
Since the cubic surfaces we consider in this paper are Q-rational (which implies that β(V ) = 1), it remains to compute the rank t of the Picard group and the value of α(V ).
Proposition 6.1. If V is given by the equation
where a is not a cube in Q, then rk Pic(V ) = 2 and α(V ) = 2.
If V is given by the equation
where a and b are strictly positive integers and b/a is not a cube in Q, then rk Pic(V ) = 3 and α(V ) = 1.
then rk Pic(V ) = 4 and α(V ) = 7/18.
Proof. To compute α(V ) we shall use its original definition [Pe, §2] :
V , x = 1 } where the Lebesgue measure on the affine hyperplane ∨ and dy is the form corresponding to the natural Lebesgue measure on Pic(V ) ∨ ⊗ Z R). More explicitely, let (e 1 , . . . , e t ) be a basis of Pic(V ) and (e ∨ 1 , . . . , e ∨ t ) be the dual basis. Write
λ i e i with λ t = 0. Let f 1 , . . . , f t−1 be the projection of e ∨ 1 , . . . , e
By [SK, pages 14 and 55] , if O 1 , . . . , O m are the orbits of the action of Gal(K/Q) on the 27 lines, then Λ eff (V ) is generated by the classes
. When V is given by the equation (6.1) the Galois group Gal(K/Q) is
and the orbits of its action on the 27 lines are
In the basis
In the basis (e 0 , e 1 ), the effective cone Λ eff (V ) is generated by the classes
Therefore, this cone is generated by the elements e 1 − e 2 and e 1 + e 2 and α(V ) is given as the volume of the domain
that is, as the volume of the segment [−1, 1] and α(V ) = 2. If V is given by the equation (6.2) then Gal(K/Q) is isomorphic to
and the orbits of the Galois action on the 27 lines are
A basis of Pic(V ) is given by
, and the cone Λ eff (V ) is generated by 
Using the description above, α(V ) is the volume of
If V is given by the equation (6.3), then Gal(K/Q) = Z/2Z and the orbits of the Galois action on the 27 lines are given by
A basis of the Picard group is given by
The effective cone Λ eff (V ) is generated by is generated by e 2 , e 3 , 3e 1 − 2e 3 − e 4 , 2e 1 − e 2 − e 3 − e 4 , e 1 − e 4 , 4e 1 − 2e 2 − 2e 3 − e 4 , e 1 − e 2 , 2e 1 − 2e 2 − e 4 , 2e 1 − e 3 .
The anticanonical class is given by
that is, of the domain P in R 3 given by
We compute its volume as follows: decompose P into cones with apex (0, 0, 0) and supported by the faces not containing this point. Thus we consider the following faces of P :
One has
The area of F 1 is the volume of the domain . For F 2 we have the equations
We get Area(F 2 ) = 1 6 . For F 3 we have the same equations and the same area. For F 4 we have the equations
We find Area(F 4 ) = 1/8 + 1/24 = 1/6. The face F 5 is given by the same equations and Area(F 5 ) = 1/6. Finally
SOME STATISTICAL FORMULAE
The most naive way to test the conjecture is to compute the quotient
for large values of B. However, as explained in the introduction, the relative error term is expected to decrease slowly. Therefore it is natural to use the fact that we expect an asymptotic of the form
where P is a polynomial of degree t − 1 with a dominant coefficient equal to θ H (V ). With the program of D. J. Bernstein [Be] , we can get a family of pairs (B i , N U,H (B i )) 1 i N .
In the examples below we took for B i successive powers of 6/5 between 200 and 10 5 . For any i between 1 and N , let
The simplest statistical tool in this setting is to look for a polynomial Q of degree t − 1 such that
is minimal and to compute its leading coefficient A t−1 . We then test the conjecture using the quotient
The advantage of this method is that, if the expected formula is correct, and if we take for B i successive powers of a fixed real number λ between B 1 and B N , then the relative error term (7.2) should at least decrease as C/(log(B N ) − log(B 1 )) t−1 for B N /B 1 large enough with a constant C going to 0 as B 1 goes to infinity.
Of course, due to the arithmetic nature of N U,H (B), the errors are not as independent as one would need for a true statistical treatment of the data. Also, since we do not have a good understanding of the difference N U,H (B) − BP (log(B)) and in order to limit the number of arbitrary parameters involved in the statistical computation we prefered not to weight the points.
Notations 7.1. Let R(X, Y ) be a polynomial in Q[X, Y ] and denote by R(X, Y ) the mean value of (R(x i , y i )) 1 i N , that is,
R(x i , y i ).
If t = 2 the leading coefficient of Q (if it is uniquely defined) is given by
Using remark 4.4 we get
where E is theétale algebra defined in 3.2. The residue of the zeta function could have been computed directly (see, for example, [Co, chapter 4] ), but instead we used PARI. The volume at the real place is given by the formula 1 2 (x,y,z,t) ax 3 +by 3 +cz 3 +dt 3 =0 sup(|x|,|y|,|z|,|t|) 1
where ω L is the Leray form ω L (x, y, z, t) = 3(ax 3 + by 3 + cz 3 ) 2/3 dx dy dz .
Decomposing the domain of integration (and using the various expressions of the Leray form) it is possible to remove the singularities of this integral which is then easily estimated on a computer. The factors corresponding to the bad places have been described in section 5 and the constants C 0 , C 1 , C 2 , and C 3 may be computed directly as in section 4. We considered the following examples: for the cubic surfaces with a Picard group of rank 2 we used 
2X
3 + 2Y 3 + 3Z 3 + 3T 3 = 0, (S 7 ) and for rank 4:
We draw below the corresponding experimental curves in which we compare the value of We finish with tables of numerical results. The value of θ
